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Abstract
We study Fayet-Iliopoulos (FI) terms of 5-dimensional supersymmetric U(1) gauge
theory compactified on S1/Z2. In this model, loop diagrams including matter hyper-
multiplets and brane chiral multiplets induce FI-terms localized at the fixed points.
Localized FI-terms lead instabilities of bulk modes. The form of the induced FI-terms
strictly depends on wave function profiles of matter multiplets. It is a non-trivial
question whether the vacuum of 1-loop corrected potential is stable under radiative
corrections. We investigate this issue and it is found that the stable configuration is
obtained when the bulk zero modes shield the brane charge completely.
1 Introduction
Supersymmetric gauge theories in higher dimensions have been studied for a long time.
It is an attractive extension of the standard model from phenomenological perspective
including hierarchy, flavor, and grand unification [1, 2]. It is also motivated by quantum
theory of gravity since superstring is defined on 10 dimensional spacetime and is supersym-
metric. To realize our standard model universe from such theories, we must compactify
the extra dimensions and need supersymmetry (SUSY) breaking. The Fayet-Iliopoulos
term (FI-term) of Abelian gauge theory is a possible source of SUSY breaking [3]. It is
a gauge invariant linear term of the auxiliary component of the U(1) vector multiplet. It
is invariant under gauge and global SUSY transformation, but it is not invariant under
local SUSY unless the U(1) is related to the gauged U(1)R [4, 5]
1 or collaborates with the
Green-Schwarz like anomaly cancellation mechanism [7]. However, in higher dimensional
theories, the situation is different. Some sort of FI-terms can be consistent even in super-
gravity and they are localized at branes or fixed points of orbifolds [8, 9]. In that case,
although tree level FI-term does not exist, radiative corrections induce the FI-terms [10].
FI-terms in higher dimensional theory can play another important role for phenomenol-
ogy. The localized FI-term generates a local potential of the real scalar component of bulk
vector multiplet Σ, and Σ develops its vacuum expectation value (VEV), which corre-
sponds to a kink mass on the compact space. It leads instabilities of bulk fields, especially
localization of bulk zero modes at the fixed points in th S1/Z2 orbifold [9, 11, 12, 13] and
the T 2/Z2 orbifold [14]. Interactions in 4d low-energy effective theories are given by over-
lap integral of bulk wave functions. Such localized modes imply a hierarchical structure
of 4d couplings. It may be the origin of the observed flavor structure [15, 16, 17].
Instabilities of bulk fields have further effects for the vacuum structure of the orbifold
models. The computation of the radiative corrections to the FI-term depends on the mode
expansion of the bulk fields. It is natural to expect that new mode expansion induces
new quantum corrections. It may change 1-loop effective potential. Therefore, instability
of the bulk fields may imply the instability of the 1-loop corrected vacuum of the scalar
fields. We should reconsider the localized FI-terms on the orbifold. That is our purpose
on this paper.
This paper is organized as follows. In section 2, we review localized FI-terms induced
by quantum corrections. The localized FI-term induces nonzero VEV of Σ. It affects
equations of motion for bulk fields and their wave function profiles. In Section 3, we con-
sider the localized FI-term induced by quantum corrections again. We find that stability
of 1-loop corrected 〈Σ〉 background depends on configuration of the brane charges and
zero mode profiles. It is necessary for the stable configuration that the zero modes are
localized at the fixed points and they shield the brane charges completely, otherwise in-
duced FI-term shifts the 〈Σ〉 background again. Section 4 is our conclusion. In appendix,
we study wave function profiles of parity odd modes and summation of massive mode
wave functions explicitly.
1Another procedure without gauged U(1)R is proposed recently [6].
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2 Localized FI-terms on orbifolds
In this section, we briefly review the localized FI-term of supersymmetric Abelian gauge
theory induced by quantum corrections. We consider 5d N = 1 SUSY gauge theory
compactified on S1/Z2. Z2 acts on S
1 as y → −y, where y is the coordinate of S1, and
y ∼ y + 2πR. There are two fixed points at y = 0 and y = πR. This theory contains a
gauge multiplet V = (AM , λ
i,Σ, ~D), and a hypermultiplet H = (φ±, ψ, F±). The gauge
multiplet contains 5d gauge field AM , gauginos λ
i, one real scalar Σ and a triplet auxiliary
field ~D. The hypermultiplet contains two complex scalar fields φ±, one Dirac spinor ψ
and two auxiliary fields F±. H is charged under the U(1). Its charge is denoted by q.
The bulk Lagrangian is given by [9]:
Lbulk =− 1
2
(∂MΣ)
2 +
1
2
DMΦ†+DMΦ+ −DMΦ†−DMΦ− + iψ¯γMDMψ
− gqD3
(
Φ†+Φ− Φ†−Φ−
)
− gq ((D1 − iD2)ΦT+Φ− + h.c.)
− g2q2Σ2
(
Φ†+Φ+ + Φ
†
−Φ−
)
− gqΣψ¯ψ + ... (2.1)
where DM is the covariant derivative. Parity assignment of the bulk fields preserving 4d
N = 1 supersymmetry and U(1) gauge symmetry is given in [10], and it is shown in Table
1. This notation implies that the 4d D-term is denoted by D = D3 − ∂yΣ. Although the
Aµ A5 λ
1 λ2 Σ D1,2 D3 φ± ψ F±
parity + − + − − − + ± γ5 ±
Table 1: Parity assignment of the bulk fields.
tree level Lagrangian does not have the FI-term, quantum corrections can induce it. The
quantum corrections to the coefficient of D3 is represented by tadpole diagrams shown in
Fig.1 [10, 18]. In the present paper, we concentrate only on the coefficient of D3. The
coefficient of ∂yΣ is also given by a similar diagram, but the fields running in the loop
are replaced by ψ. They are the same contribution and it is sufficient for our purpose to
consider either of them if SUSY is not broken. The effective FI-term is calculated as∫
d4p4
(2π)4
gq
p24 −m2
∼ gq
16π2
(Λ2 − 1
4
m2 ln Λ2), (2.2)
up to finite terms, where m is the 4d mass of scalar fields in the loop and Λ is the UV
cutoff.
Compactifying the 5th direction, mode expansions of φ± are given by [11],
φ+(x, y) =
∑
n≥0
ηnφ
n
+(x) cos
( n
R
y
)
, (2.3)
φ−(x, y) =
∑
n≥1
ηnφ
n
−(x) sin
( n
R
y
)
, (2.4)
2
Figure 1: Tadpole diagram contributing to the FI-term.
where ηn are the normalization factors, i.e., η0 = 1/
√
πR and ηn≥1 =
√
2/πR. We
normalize the fields on [0, πR]. The 5-dimensional Lagrangian is reduced to,
Lbulk ⊃ gqD3
∑
n∈N
η2n
(
|φn+(x)|2 cos2
(ny
R
)
− |φn−(x)|2 sin2
(ny
R
))
. (2.5)
Thus the quantum corrections to the FI-term generated by bulk fields are given by
ξbulk(y) =
∑
n
gq
16π2
(Λ2 − 1
4
n2
R2
ln Λ2)
(
cos2
(ny
R
)
− sin2
(ny
R
))
. (2.6)
This absolutely diverges at the fixed points2 and it can not be removed. Therefore, the
induced FI-term becomes Dirac delta function,
ξbulk(y) =
gq
16π2
(Λ2 +
1
4
lnΛ2∂2y) (δ(y) + δ(y − πR)) . (2.7)
Hence, the localized FI-term is obtained [10, 11, 12] .
In addition, brane multiplets confined at the fixed points can contribute to ξ, too. We
introduce two chiralmultiplets C0 and Cpi localized at the fixed points. C0 is localized at
y = 0 and Cpi is localized at y = πR. They are coupled to the gauge multiplet and their
charges are q0 and qpi respectively. Their couplings to the gauge multiplets include
Lbrane ⊃
∑
I=0,pi
gqI(D
3 − ∂yΣ)φ†IφI , (2.8)
where φ0 and φpi are the scalar components of C0 and Cpi. They contribute to the localized
FI-terms as,
ξbrane(y) = g
Λ2
16π2
∑
I=0,pi
δ(y − IR)qI . (2.9)
2 The function series of (2.6) does not converge absolutely, but it conditionally converge except for
the fixed points. It is always possible to shift the convergence value of conditionally convergent series
arbitrarily by changing its order. In this paper, we assume the FI-term is not derived except for the fixed
points since the bulk FI-term can violate either of the 4d SUSY or 5d Lorentz invariance.
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The quantum corrections to the localized FI-term are summarized:
ξ(y) =
∑
I=0,pi
(ξI + ξ
′′
I ∂
2
y)δ(y − IR), ξI = g
Λ2
16π2
(
q
2
+ qI), ξ
′′
I =
gq
128π2
ln Λ2. (2.10)
Here, ξ0 + ξpi is always zero and the 4d FI-term
∫
ξ(y)dy is zero if the sum of the U(1)
charges q + q0 + qpi is set to zero. Moreover, ξ
′′
0 is equal to ξ
′′
pi.
In this section, we have considered models containing a single bulk hypermultiplet
and a single chiral multiplet at each fixed point. It is straightforward to generalize the
result to models of several bulk hypermultiplets and brane superfields. In such a case, the
charges are replaced by trace of charge operators, and it is written as
ξI = g
Λ2
16π2
(
1
2
tr(q) + tr(qI)), ξ
′′
I =
g tr(q)
128π2
ln Λ2, (2.11)
where the trace runs over all hypermultiplets and brane chiral multiplets.
2.1 Localization of Bulk Fields
Now, we study effects of the localized FI-terms on wave function profiles of the bulk
scalar fields. Since the bulk scalar fields Σ, φ− are parity odd and φ+ is even under the
orbifolding, boundary conditions of these fields are given by
Σ(y = 0) = Σ(y = πR) = φ−(y = 0) = φ−(y = πR) = 0,
∂yφ+(y = 0) = ∂yφ+(y = πR) = 0.
The field Σ develops its VEV along the D-flat direction [11],
∂y 〈Σ〉 = ξ(y) + C, (2.12)
where C is a constant term proportional to the sum of U(1) charges. If the sum is set to
zero, C vanishes. Then, equations of motion of the bulk scalar φ± are written as [11].
∆±φ± + λφ± = 0, ∆± = ∂
2
y ∓ gq∂y 〈Σ〉 − g2q2 〈Σ〉2 . (2.13)
If ξ(y) and C are equal to zero, the equation of motion is the normal harmonic oscillator,
and its solution is (2.3) and (2.4). Otherwise wave function profiles are changed.
To show the effects of the FI-term, we shortly review one example studied in [11].
Suppose ξ(y) = ξ′′0∂
2
yδ(y) + ξ
′′
0∂
2
yδ(y − πR), where ξ′′0 is a constant and qξ′′0 > 0. The
solution of D-term condition is given by
〈Σ〉 (y) = ξ′′0
(
∂yδ(y) + ∂yδ(y − πR)
)
. (2.14)
Here, we concentrate on the zero mode. The parity odd mode φ− has no zero mode. The
zero mode of φ+ has delta function like profile, i.e.,
|φ+,0|2(y) = 1
2
(δ(y) + δ(y − πR)) . (2.15)
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The zero mode is localized at the fixed points. It is drastically changed from the constant
solution of (2.3).
In the computation in [11], 〈Σ〉 is set to zero and the bulk scalars are decomposed by
the simple harmonic oscillators; (2.3) and (2.4). As the results, divergent contribution
of quantum corrections to ξ at the fixed points is obtained. However, if the FI-term has
nonzero value, the Σ field develops its VEV 〈Σ〉 and the bulk fields are not decomposed
by simple functions such as (2.3) and (2.4). Then, we naively expect that this localized
FI-term changes the 1-loop corrections itself. Thus, questions occur. Are the 1-loop FI-
term (2.10) and the Σ background stable under the redefinition of the KK-reduction of
the bulk field? If not, is there any stable configuration where the bulk fields profile and
ξ are consistent?
We shall answer these questions in the next section.
3 Corrected FI-terms
In this section, we recompute quantum corrections to FI-terms by the bulk scalar fields and
investigate whether 1-loop corrected 〈Σ〉 background is stable under quantum corrections.
We consider models whose sum of the U(1) charges is zero and the constant term C in
(2.12) is zero. For the moment, we also assume that only the Σ field develops its VEV, but
VEVs of other fields vanish. If the charge sum does not vanish, the U(1) gauge symmetry
or 4d SUSY is broken down. We briefly discuss such a case at the end of this section.
When the KK-decomposition of the bulk scalar fields are represented as
φ+(x, y) =
∑
λ
fλ+(x)φ
λ
+(y), (3.1)
φ−(x, y) =
∑
λ
fλ−(x)φ
λ
−(y), (3.2)
where λ is the eigenvalues of (2.13), quantum corrections to the coefficients of D3 are
given by
ξ(y) =
∑
λ
gq
16π2
(Λ2 − 1
4
λ lnΛ2)(|φλ+|2(y)− |φλ−|2(y)) +
∑
I=0,pi
gqI
16π2
Λ2δ(y − IR). (3.3)
To compute the FI-term, we must know wave functions and eigenvalues of the whole
KK-modes.
In order to illustrate our story, we study simple symmetric case for the first step, and
next, we study more general asymmetric case.
3.1 Symmetric Case
Here, we consider the symmetric model, i.e. q0 = qpi. We assume the sum of U(1) charges
is set to zero, and thus, the bulk charge is twice as big as that of the localized charge:
5
q = −2q0. We assume the tree level Lagrangian has no FI-term and 〈Σ〉 = 0 at the
tree level. The bulk wave function is given by (2.3) and (2.4), and the induced localized
FI-term is written as,
ξ1−loop(y) = (ξ0 + ξ
′′
0∂
2
y)δ(y) + (ξpi + ξ
′′
pi∂
2
y)δ(y − πR),
ξ0 = ξpi = 0,
ξ′′0 = ξ
′′
pi =
gq
64π2
ln Λ2. (3.4)
Solving the D-flat condition ∂y 〈Σ〉 = ξ(y), the 1-loop corrected 〈Σ〉 VEV is obtained
〈Σ〉 (y) = ξ′′0
(
∂yδ(y) + ∂yδ(y − πR)
)
. (3.5)
We obtain the new VEV of Σ. Then, we recompute the mode expansion of φ±.
The VEV 〈Σ〉 includes derivatives of the delta functions. To solve the equation of
motion (2.13), we must regularize the Dirac delta function. We adopt the regularization
used in [11],
δρ(y) =


1
ρ2
(y + ρ) (−ρ < y < 0)
− 1
ρ2
(y − ρ) (0 ≤ y < ρ)
0 (ρ ≤ |y|),
(3.6)
where δρ(y) → δ(y) as ρ → 0. To simplify the Schro¨dinger equation (2.13), we rewrite
the wave function as
φ±(y) = ψ±(y) exp
[
±gq
∫ y
0
〈Σ〉 (y′)dy′
]
. (3.7)
Then, the wave equation for φ is rewritten by ψ.
ψ′′± ± 2gq 〈Σ〉ψ′± + λψ± = 0. (3.8)
The parity even solution is given by
ψ+(y) =


A+e
(ω+
√
ω2−λ)y +B+e(ω−
√
ω2−λ)y (0 ≤ y ≤ ρ)
C+e
i
√
λy +D+e
−i
√
λy (ρ < y < πR− ρ)
E+e
(−ω+√ω2−λ)(y−piR) + F+e(−ω−
√
ω2−λ)(y−piR) (πR− ρ ≤ y ≤ πR),
(3.9)
where ω = gqξ′′0/ρ
2. Here, ω is positive since it is proportional to q2. The coefficients are
determined by the boundary and continuous conditions. They are written as
α+A+ + α−B+ = 0,
A+e
α+ρ +B+e
α
−
ρ = C+e
i
√
λρ +D+e
−i
√
λρ,
α+A+e
α+ρ + α−B+e
α
−
ρ = i
√
λC+e
i
√
λρ − i
√
λD+e
−i
√
λρ,
C+e
i
√
λ(piR−ρ) +D+e
−i
√
λ(piR−ρ) = E+e
α
−
ρ + F+e
α+ρ,
i
√
λC+e
i
√
λ(piR−ρ) − i
√
λD+e
−i
√
λ(piR−ρ) = −α−E+eα−ρ − α+F+eα+ρ,
α−E+ + α+F+ = 0, (3.10)
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where α± = ω ±
√
ω2 − λ, and the eigenvalue λ is given by
(X + i
√
λ)2
(X − i√λ)2 e
2i
√
λ(piR−2ρ) = 1 (3.11)
where
X = α+
eα+ρ − eα−ρ
eα+ρ − α+
α
−
eα−ρ
. (3.12)
Hence, |X| diverges as ρ→ 0, and the right equation of (3.11) approaches to
ei
√
λpiR = ±1. (3.13)
The eigenvalue λ is approaching to n
2
R2
[11]. The boundary conditions are satisfied with
A+ =
−2i√λ
(eα+ρ − α+
α
−
eα−ρ)(X − i√λ)e
−i
√
λρD+,
B+ = −α+
α−
A+,
C+ = −X + i
√
λ
X − i√λe
−2i
√
λFρD+,
E+ = −α+
α−
F+,
F+ =
2i
√
λ
(eα+ρ − α+
α
−
eα−ρ)(X + i
√
λ)
e−i
√
λ(piR−ρ)D+. (3.14)
This solution has several interesting futures. For nonzero value of λ, the coefficients
A+, B+, E+, F+ are approaching to 0 in the limit ρ → 0. Therefore, all massive modes
can not penetrate to the fixed points, and they are purely bulk modes. On the other
hands, when λ = 0, the situation is completely opposite. The solution is given by a
constant solution: ψ0+ = const for λ = 0. Note that the full wave function is given by
(3.7). Since the exponential part in (3.7) is suppressed seriously in the bulk of the orbifold,
the zero mode profile has nonzero value only around the fixed points and it becomes a
localized mode.3
The mode expansion of φ− is similar to that of φ+. For massive modes, eigenvalues
of φ− are the same as φ+, λ = n
2
R2
. The wave function is simple cosine function; φn− =√
2/πR cos(ny/R) apart from the fixed points. At the fixed points, since it is odd parity,
we obtain φn− = 0. φ− has no normalizable solution for λ = 0. It is because constant
solution is not allowed for ψ−4.
3The massive modes are also suppressed on the bulk space. However, the suppression factor of the first
and the fifth equation of (3.14) are stronger than that of (3.7). Thus, the massive modes are excluded
from the fixed points.
4For precise computation of φ
−
, see Appendix A.
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Mode expansions of φ± are summarized as follows:
φn>0+ =
√
2
πR
sin
( n
R
y
)
,
φn>0− =
{√
2
piR
cos
(
n
R
y
)
(0 < y < πR),
0 (y = 0, πR),
φ0+ =
√
δ(y) + δ(y − πR)
2
. (3.15)
This solution may look a bit strange. The square root of the delta function just means
that the wave function is localized at the fixed points and canonically normalized. φ0+
always appear as its square of absolute value in the whole discussion of this paper.
Substituting the above solution φλ± in (3.3), we obtain the 1-loop induced FI-term
again. Since massive modes of φ+ and φ− become zero at the boundaries, they can not
contribute to the localized FI-term. The massive modes on the bulk cancel each others
again. Thus, the contribution is due to the only zero mode of φ+,
ξbulk =
gq
32π2
Λ2
∑
I=0,R
δ(y − πI). (3.16)
The contribution of the brane fields is unchanged. It is written as,
ξbrane =
g
16π2
Λ2
∑
I=0,R
qIδ(y − πI). (3.17)
Since we assumed the sum of U(1) charges vanishes, it cancels the bulk contribution. As
the result, we obtain the quantum correction to the FI-term,
ξ(y) = ξbrane + ξbulk = 0. (3.18)
The quantum correction vanishes. It is because the brane charges are completely shielded
by the bulk zero mode. The D-term potential vanishes.
3.2 Asymmetric Case
Next, we consider an asymmetric case. We assume q0 6= qpi and q + q0 + qpi = 0. The
1-loop induced FI-term is calculated as
ξ1−loop(y) =(ξ0 + ξ
′′
0∂
2
y)δ(y) + (ξpi + ξ
′′
pi∂
2
y)δ(y − πR),
ξ0 =− ξpi = g(q0 − qpi)
32π2
Λ2,
ξ′′0 =ξ
′′
pi =
gq
128π2
ln Λ2. (3.19)
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Solving the D-flat condition, 〈Σ〉 is obtained as follows,
〈Σ〉 = 1
2
ξ0sgn(y) + ξ
′′
0 (∂yδ(y) + ∂yδ(y − πR)), (3.20)
where sgn(y) = +1 for 0 ≤ y ≤ πR, and sgn(y) = −1 for −πR < y < 0. The derivatives
of the delta functions are regularized as same as the previous subsection. Mode expansion
of the bulk scalar is parallel to that of the symmetric case. For even field, the solution is
given as
ψλ+(y) =


A+e
[(ω−σ)+
√
(ω−σ)2−λ]y +B+e[(ω−σ)−
√
(ω−σ)2−λ]y (0 < y < ρ),
C+e
(−σ+
√
σ2−λ)y +D+e(−σ−
√
σ2−λ)y (ρ < y < πR− ρ),
E+e
[−(ω+σ)+
√
(σ+ω)2λ](y−piR) + F+e[−(ω+σ)−
√
(σ+ω)2−λ](y−piR) (πR− ρ < y < πR),
(3.21)
where ω = gqξ′′0/ρ
2, σ = gqξ0/2. Note that it is ψ
λ
+, and is not φ
λ
+. Similar to the previous
section, its boundary condition is written as
α+A+ + α−B+ = 0,
γ+E+ + γ−F+ = 0,
A+e
α+ρ +B+e
α
−
ρ = C+e
β+ρ +D+e
β
−
ρ,
α+A+e
α+ρ
+ + α−B+e
α
−
ρ = β+C+e
β+ρ + β−D+e
β
−
ρ,
C+e
β+(piR−ρ) +D+e
β
−
(piR−ρ) = E+e
−γ+ρ + F+e
−γ
−
ρ,
β+C+e
β+(piR−ρ) + β−D+e
β
−
(piR−ρ) = γ+E+e
−γ+ρ + γ−F+e
−γ
−
ρ, (3.22)
where α± = (ω − σ) ±
√
(ω − σ)2 − λ, β± = −σ ±
√
σ2 − λ, and γ± = −(ω + σ) ±√
(ω + σ)2 − λ. It is trivial that B+/A+ = −α+/α− and F+/E+ = −γ+/γ−, For λ > 0,
its solution is obtained as follows,
A+ =
2
√
σ2 − λeβ−ρ
α+(eα+ρ − eα−ρ)− β+(eα+ρ − α+α
−
eα−ρ)
D+,
C+ = −β−(γ−e
−γ+ρ − γ+e−γ−ρ)− γ+γ−(e−γ+ρ − e−γ−ρ)
β+(γ−e−γ+ρ − γ+e−γ−ρ)− γ+γ−(e−γ+ρ − e−γ−ρ)e
−2√σ2−λ(piR−ρ)D+,
E+ = − 2
√
σ2 − λeβ−(piR−ρ)
γ+(e−γ+ρ − e−γ−ρ)− β+(e−γ+ρ − γ+γ
−
e−γ−ρ)
D+. (3.23)
In the limit ρ → 0, α+ρ and −γ−ρ diverge to ∞. Its eigenvalue equation is obtained
by e−2
√
σ2−λpiR = 1. Then, we find that λ → σ2 + n2/R2 as the limit ρ → 0 [11]. It
is also similar to the symmetric case that A+, B+, E+, F+ → 0, but C+ + D+ → 0 as
ρ→ 0. The massive modes go to zero at the fixed points, and it is purely bulk mode. For
λ = 0, we have flat solution: ψ0+ = const. The full wave function is given by (3.7). Its
exponential part is exponentially suppressed except for the fixed points. Thus, the zero
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mode is localized at the fixed points, too. It is almost parallel to the zero mode profile of
the previous symmetric case. However, there is one difference. Because of the asymmetric
charge configuration, 〈Σ〉 is not symmetric: 〈Σ〉 (0) 6= 〈Σ〉 (πR). The ratio of the zero
mode wave function values between two fixed points is
φ0+(0) : φ
0
+(πR) = 1 : e
σpiR. (3.24)
Thus, as ρ→ 0, we obtain the following asymmetric zero mode profile:
φ0+ =
√
1
1 + e2σpiR
δ(y) +
e2σpiR
1 + e2σpiR
δ(y − πR). (3.25)
The square root just means that φ0+ is localized at the fixed points and it is canonically
normalized.
The mode expansion of parity odd modes φ− is parallel to that of the symmetric case.
We can check that there is no zero mode for φ−. The eigenvalues are the same as those
of the even modes; λ = σ2 + n2/R2. The massive mode of φ− is written as
φn>0− (y) =
{√
2
piR
sin( n
R
y + θn) (0 < y < πR),
0 (y = 0, πR),
(3.26)
where the constant phase θn is given by
eiθn =
−σ + in/R
| − σ + in/R| . (3.27)
Since all the massive modes are zero at the fixed points, they can not contribute to the
localized FI-term. The cancellation of the massive modes except for the fixed points is
more subtle than that of the symmetric case. We do not consider it more deeply here,
but we just assume that the bulk FI-term vanishes. Substituting the above solution to
(3.3), we obtain the one loop FI-term:
ξ(y) =
g
16π2
Λ2 (ξ1δ(y)− ξ1δ(y − πR)) ,
where ξ1 =
−q0 − qpi
1 + e2σpiR
+ q0. (3.28)
Since massive modes can not contribute to the localized FI-term, the derivative term
vanishes. The FI-term has not vanished yet. The vacuum configuration 〈Σ〉 would receive
1-loop correction again. Our vacuum (3.20) is not stable under quantum corrections.
3.3 Stable Configuration
Our analysis contains two steps. At the first step, we compute quantum corrections to the
FI-term based on the mode expansion derived by the tree level Lagrangian. We assume
〈Σ〉 background is zero at the tree level. The wave function profiles of the bulk scalar fields
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imply that all massive and zero modes spread on the bulk of the orbifold. The quantum
correction to the FI-term is contributed from all the modes, but they cancel each other
almost everywhere on the compact space. Remaining corrections only appear at the fixed
points. We obtain the localized FI-terms. At the second step, we reconsider quantum
corrections to the FI-term. In this step, we use the VEV of Σ determined by the 1-loop
FI-term. Such a FI-term shifts 〈Σ〉 and mode expansions of the bulk fields are changed.
Zero mode is localized at the fixed points and massive modes are confined in the bulk of
the compact space except the fixed points. For the symmetric case, the 1-loop correction
to FI-term has completely disappeared. It is because the brane charges are shielded by
the bulk zero mode and the massive modes cancel each others. Since there is no source
of the D-term potential, VEV would not receive more corrections. The 1-loop corrected
background is the stable vacuum. However, it is not true for the asymmetric case. The
1-loop correction is not canceled completely. 〈Σ〉 background is not stable yet. One may
expect that we can reach a stable configuration by repeating the above steps until FI-term
vanishes. However, the situation is more subtle. Zero mode localization is caused by the
derivatives of the delta functions in the FI-term. Since the 1-loop FI-term (3.28) does
not include derivatives, zero mode is no longer localized. Thus, the 1-loop FI-term is
contributed from all the massive modes. Such a mode expansion leads derivative terms
in the FI-term again5. It is not clear whether we have a consistent solution or not for the
asymmetric case.
If the Lagrangian has a special value of FI-terms at the tree level, we can find a stable
configuration. For instance, for the symmetric model with q0 = qpi, suppose the tree level
FI term is written as
ξtree(y) = ξ
′′∂2yδ(y) + ξ
′′∂2yδ(y − πR), (3.29)
where ξ′′ is an arbitrary constant such that qξ′′ > 0. Then Σ develops its VEV to cancel
ξtree. In this case, the1-loop correction is the same as that of the symmetric case and it is
zero. Thus, 1-loop correction to FI-term is zero and the vacuum is stable.
For the case of asymmetric model, if the tree level FI term is
ξtree(y) =
(
1
gqπR
ln
(
qpi
q0
)
+ ξ′′∂2y
)
δ(y) +
( −1
gqπR
ln
(
qpi
q0
)
+ ξ′′∂2y
)
δ(y − πR), (3.30)
where ξ′′ is an arbitrary constant satisfying ξ′′q > 0, then Σ develops its VEV to cancel
ξtree. Substituting σ = gqξ0 in (3.28) to the above coefficients of δ(y), we can check ξ1−loop
is zero. The FI-term is stable under quantum corrections. The vacuum is stable.
In these two cases, the bulk zero mode is localized at the two fixed points and its
charge cancels that of the brane fields exactly. We conclude that such a configuration is
the true vacuum of this theory. It is similar to electrostatic shielding of conductors.
One may suspect that our result depends on regularizations of the delta function. The
cancellation of the 1-loop corrections to the FI-term is a consequence of the localization
5For precise computation, see Appendix B.
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of the bulk zero mode. The zero mode function is formally solved as
φ0± = N exp
[
±gqξ0
2
y ± gqξ′′(δ(y) + δ(y − πR))
]
, (3.31)
where N is a normalization factor. The form of (3.31) includes infinite series of the
products of the delta functions. It is ill defined, and we need some regularizations. In
general, the result is regularization-dependent, but since δ(y) diverges at y = 0, any
regularization of the delta function δρ(0) diverges as ρ → 0. Thus, its divergence at the
fixed points is independent of the regularization.
For the massive modes, the Schro¨dinger equation (2.13) has the potential term 〈Σ〉2.
It includes δ(y)2 and we need some regularizations of the delta function, too.
∫
δ2(y)
(or frequently used regularizations such as Gaussian, sine functions as well as (3.6)) can
not be normalized and wave functions can not tunnel this potential. The bulk massive
modes are apart from the fixed points. The quantum corrections to the localized FI-
term is dominated by the zero mode. Therefore, our result would be independent of
regularization and it is quite general.
3.4 q + q0 + qpi 6= 0
Finally we would like to comment about models with non-vanishing U(1) charge. If
q + q0 + qpi 6= 0, the 4d FI-term is introduced,∫ piR
0
ξ(y)dy = ξ4d 6= 0. (3.32)
If there is a scalar field whose U(1) charge is opposite to the sign of ξ4d, it would be possible
to cancel the 4d FI-term by its VEV. The effective FI-term can be set to zero. We may
have D-flat moduli space. Although gauge symmetry is spontaneously broken down, it
would not spoil our previous discussion. The spontaneous breaking of the gauge symmetry
induces masses for hypermultiplet and brane multiplet, but it just shifts eigenvalues of
their mode expansion,
If such a scalar does not exist, there is no possibility to absorb the 4d FI-term. SUSY
is broken down and there is no symmetries protecting the coincidence of the coefficients
of D3 and ∂yΣ. Our discussion is no longer valid. We need more considerations for it.
4 Conclusion
We have studied quantum corrections to FI-terms in 5 dimensional SUSY Abelian gauge
theory compactified on the S1/Z2 orbifold. If there is a matter field which is charged under
the U(1) symmetry, the localized FI-term is induced by quantum corrections. However,
the whole story is not so simple. The localized FI-term changes D-flat condition and
〈Σ〉. It affects mode expansion of the bulk fields. There is no reason to believe that
the new mode expansion does not induce another FI-term. We explicitly computed the
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KK-reduction of the bulk scalar fields with various FI-terms and recompute the quantum
corrections. We have shown that the 1-loop correction vanishes for the symmetric case,
but it is not true for the asymmetric case. It is because the zero mode profile and brane
charges cancel each others for the former case, but it does not happen for the latter case.
Therefore, the asymmetric vacuum receives further corrections and is unstable. If we
put a specific FI-term at the tree level Lagrangian, we can realize a stable configuration
even for asymmetric case. In such stable configurations, zero mode profile shields the
brane charges completely and their corrections are canceled. It would be the true vacuum
configurations. We would like to emphasize that this cancellation is not obtained in the
limit of Λ to ∞, but obtained by finite Λ. It is a marked contrast to the result of [12].
It is important to comment about the supergravity interpretations/extensions of our
results. As mentioned in the introduction, FI-terms can appear at the orbifold fixed points
also in supergravity, even if it is not associated with the U(1)R symmetry. Such localized
FI-terms can be considered as the boundary completion of a bulk term [8]. The explicit
formulations in 5-dimensional supergravity [19, 20] show that the profile ξ(y) is restricted
to the one satisfying
∫ piR
o
dy ξ(y) = ξ4d = 0, that is, the effective FI-term vanishes in
4-dimensions as it should be. Our analyses have been performed for this restricted ξ(y),
which would correspond to the rigid limit of such an FI-term in supergravity. Hence, the
results of this paper will be applied/extended to supergravity models.6
Phenomenological implication of our result may be drastic and interesting. Profiles of
wave functions in the compact space plays an important role for calculating 4d low energy
effective theory. For example, if quarks and leptons are obtained as chiral zero modes of
bulk fields, their zero modes must be localized at the fixed points and its distribution is
proportional to the brane charges. Their overlap integral would have very specific forms.
It may behave like the Froggatt-Nielsen model [22]. It is important to extend our analysis
to T 2/ZN orbifolds. From the theoretical perspective, compactifications using toroidal
orbifolds with magnetic fluxes is more interesting [23] because it has a clear stringy origin
[24] and it can realize three families of quarks and leptons as well as its Yukawa hierarchy
[2, 25, 26]. We shall investigate it elsewhere.
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was also formulated and studied in 5-dimensional supergravity [21].
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A Wave Function of φ− for Symmetric Case
The parity odd solution is given by
ψ−(y) =


A−(e−α−y − e−α+y) (0 ≤ y ≤ ρ),
C−ei
√
λy +D−e−i
√
λy (ρ < y < πR− ρ),
E−(eα+(y−piR) − eα−(y−piR)) (πR− ρ ≤ y ≤ πR).
(A.1)
The coefficients are determined by the boundary conditions and normalization. The
boundary condition is written as
A−(e
−α
−
ρ − e−α+ρ) = C−ei
√
λρ +D−e
−i
√
λρ,
−A−(α−e−α−ρ − α+e−α+ρ) = i
√
λC−e
i
√
λρ − i
√
λD−e
−i
√
λρ,
C−e
i
√
λ(piR−ρ) +D−e
−i
√
λ(piR−ρ) = E−(e
−α+ρ − e−α−ρ),
i
√
λC−e
i
√
λ(piR−ρ) − i
√
λD−e
−i
√
λ(piR−ρ) = E−(α+e
−α+ρ − α−e−α−ρ). (A.2)
The eigenvalue λ is given by(
Y + i
√
λ
Y − i√λ
)2
e−2i
√
λ(piR−2ρ) = 1. (A.3)
The eigenvalue approaches to n
2
R2
as ρ → 0. The solution with n = 0 is incorrect. Sub-
stituting λ to zero, C− + D− = 0 and all the other coefficients is zero. We have no
normalizable solution for n = 0. For n > 0, the boundary conditions are solved:
A− =
−2i√λ
(e−α+ρ − e−α−ρ)(Y + i√λ)e
−i
√
λρD−,
C− = −Y − i
√
λ
Y + i
√
λ
e−2i
√
λρD−,
E− =
−2i√λ
(e−α+ρ − e−α−ρ)(Y − i√λ)e
−i
√
λ(piR−ρ)D−, (A.4)
where
Y =
α+e
−α+ρ − α−e−α−ρ
e−α+ρ − e−α−ρ . (A.5)
As ρ→ 0, Y is approaching to zero. A− is approaching to −2D−, and E− is approaching
to −2(−1)nD−. C− is approaching to D−. Massive wave functions of φ− are approaching
to cos(ny/R) on the bulk of the orbifold. Around the fixed points, (3.7) leads exponential
suppression for parity odd modes. Thus the massive modes of φ− can not penetrate to
the fixed points, either. As the result, we obtain wave function profiles of φ−:
φn−(y) =
{√
2
piR
cos( n
R
y) (0 < y < πR)
0 (y = 0, πR)
(A.6)
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B ξ′′I = 0
Here, we consider wave function profiles in the case of FI-term without derivative terms:
ξ = ξ0δ(y)− ξ0δ(y − πR). (B.1)
In this case the wave equation is solved in [11].
φ0+ =
√
2σ
(e2σR − 1) exp
[
1
2
gqξ0(
∫ y
0
sgn(y′)dy′ − y)
]
,
φn+ =
√
2
πR
exp
[
1
2
gqξ0(
∫ y
0
sgn(y′)dy′ − y)
]
sin(
n
R
y − θn),
φn− =
√
2
πR
exp
[
−1
2
gqξ0(
∫ y
0
sgn(y′)dy′ − y)
]
sin(
n
R
y). (B.2)
where n is any positive integer. These wave functions are defined on whole of the compact
space since the equation of motion does not have derivative terms of the delta function.
φ− has no zero mode. The eigenvalue λn and the phase θn are given by
λn =
(gqξ0)
2
4
+
n2
R2
, eiθn =
−1
2
gqξ0 + i
n
R
| − 1
2
gqξ0 + i
n
R
| . (B.3)
The sum of the massive wave functions is computed as
(|φn+|2 − |φn−|2) =
2
πRλn
{
n2
R2
cos(
2n
R
y) + σ
n
R
sin(
2n
R
y)
}
. (B.4)
Thus, it contributes to the derivative part of FI-term as
∑
n>0
1
4
lnΛ2λn(|φn+|2 − |φn−|2) = − ln Λ2
1
8πR
(∂2y + 2σ∂y) {δ(y) + δ(y − πR)} . (B.5)
We obtain nonzero correction to the derivative terms of the FI-term. In addition, the Λ2
term is calculated.
Λ2
∑
n>0
(|φn+|2 − |φn−|2) = Λ2
∑
n>0
2
πRλn
{
n2
R2
cos(
2n
R
y) + σ
n
R
sin(
2n
R
y).
}
=
Λ2
π
∂y
∑
n>0
1
(σR)2 + n2
(
n sin(
2n
R
y)− σR cos(2n
R
y)
)
. (B.6)
Using a Fourier transformation formula, the following equation can be computed as
aeay
ea − 1 = 1 +
∞∑
n=1
2a
a2 + (2nπ)2
(
a cos(
2n
R
y)− 2nπ sin(2n
R
y)
)
, (B.7)
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for 0 < y < πR. Then (B.6) is calculated as
Λ2
∑
n>0
(|φn+|2 − |φn−|2) =
Λ2
2σR
∂y(1− 2σπRe
2σy
e2σpiR − 1 )
= − 2σe
2σy
e2σpiR − 1Λ
2. (B.8)
In the bulk region, the zero mode profile is calculated as
φ0+ =
√
2σ
(e2σR − 1)e
σy . (B.9)
Thus, the zero mode and the massive modes cancels each others. At the fixed points (B.6)
diverges again. We obtain the localized FI-term.
References
[1] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370 [hep-ph/9905221].
Y. Kawamura, Prog. Theor. Phys. 105, 999 (2001) [hep-ph/0012125]. K. R. Dienes,
E. Dudas and T. Gherghetta, Phys. Lett. B 436, 55 (1998) [hep-ph/9803466].
[2] H. Abe, K. S. Choi, T. Kobayashi and H. Ohki, Nucl. Phys. B 814, 265 (2009)
[arXiv:0812.3534 [hep-th]].
[3] P. Fayet and J. Iliopoulos, Phys. Lett. 51B, 461 (1974).
[4] R. Barbieri, S. Ferrara, D. V. Nanopoulos and K. S. Stelle, Phys. Lett. 113B (1982)
219.
[5] P. Binetruy, G. Dvali, R. Kallosh and A. Van Proeyen, Class. Quant. Grav. 21, 3137
(2004) [hep-th/0402046].
[6] N. Cribiori, F. Farakos, M. Tournoy and A. van Proeyen, JHEP 1804, 032
(2018) [arXiv:1712.08601 [hep-th]]. I. Antoniadis, J. P. Derendinger, F. Farakos and
G. Tartaglino-Mazzucchelli, arXiv:1905.09125 [hep-th].
[7] M. B. Green and J. H. Schwarz, Phys. Lett. 149B, 117 (1984).
[8] R. Barbieri, R. Contino, P. Creminelli, R. Rattazzi and C. A. Scrucca, Phys. Rev. D
66, 024025 (2002) [hep-th/0203039].
[9] N. Arkani-Hamed, T. Gregoire and J. G. Wacker, JHEP 0203, 055 (2002)
[hep-th/0101233].
[10] D. M. Ghilencea, S. Groot Nibbelink and H. P. Nilles, Nucl. Phys. B 619, 385 (2001)
[hep-th/0108184].
16
[11] S. Groot Nibbelink, H. P. Nilles and M. Olechowski, Nucl. Phys. B 640, 171 (2002)
[hep-th/0205012].
[12] S. Groot Nibbelink, H. P. Nilles and M. Olechowski, Phys. Lett. B 536, 270 (2002)
[hep-th/0203055].
[13] H. Abe, T. Higaki and T. Kobayashi, Prog. Theor. Phys. 109, 809 (2003)
[hep-th/0210025].
[14] H. M. Lee, H. P. Nilles and M. Zucker, Nucl. Phys. B 680, 177 (2004)
[hep-th/0309195].
[15] D. E. Kaplan and T. M. P. Tait, JHEP 0111, 051 (2001) [hep-ph/0110126].
[16] D. Marti and A. Pomarol, Phys. Rev. D 66, 125005 (2002) [hep-ph/0205034].
[17] H. Abe, T. Kobayashi, S. Takada, S. Tamba and T. H. Tatsuishi, Phys. Rev. D 98,
no. 10, 106017 (2018) [arXiv:1807.02063 [hep-th]].
[18] R. Barbieri, L. J. Hall and Y. Nomura, Phys. Rev. D 63, 105007 (2001)
doi:10.1103/PhysRevD.63.105007 [hep-ph/0011311].
[19] H. Abe, K. Choi and I. W. Kim, JHEP 0409 (2004) 001 [hep-th/0405100].
[20] F. Paccetti Correia, M. G. Schmidt and Z. Tavartkiladze, Phys. Lett. B 613 (2005)
83 [hep-th/0410281].
[21] H. Abe and K. Choi, JHEP 0412 (2004) 069 [hep-th/0412174].
[22] C. D. Froggatt and H. B. Nielsen, Nucl. Phys. B 147, 277 (1979).
[23] H. Abe, T. Kobayashi and H. Ohki, JHEP 0809, 043 (2008) [arXiv:0806.4748 [hep-
th]].
[24] C. Bachas, hep-th/9503030. M. Berkooz, M. R. Douglas and R. G. Leigh, Nucl. Phys.
B 480, 265 (1996) [hep-th/9606139].
[25] H. Abe, T. Kobayashi, H. Ohki, A. Oikawa and K. Sumita, Nucl. Phys. B 870, 30
(2013) [arXiv:1211.4317 [hep-ph]].
[26] H. Abe, T. Kobayashi, K. Sumita and Y. Tatsuta, Phys. Rev. D 90, no. 10, 105006
(2014) [arXiv:1405.5012 [hep-ph]].
17
